The dynamics of two liquid droplets coalescing in their saturated vapor phase are investigated by Lattice Boltzmann numerical simulations. Attention is paid to the effect of the vapor phase on the formation and growth dynamics of the liquid bridge in the viscous regime. We observe that the onset of the coalescence occurs earlier and the expansion of the bridge initially proceeds faster when the coalescence takes place in a saturated vapor compared to the coalescence in a non-condensable gas.
the effect of the surrounding vapor phase should not be neglected, such as the merging of drops in clouds 4 and in coalescing filters 2 . Here, we carry out Lattice Boltzmann numerical simulations to investigate the dynamics of viscous coalescence in a saturated vapor phase.
In a non-condensable medium, the coalescence dynamics is determined by the dimensionless bridge radius r(t)/R 0 and Ohnesorge number, Oh = η l / (ρ l σR 0 ) 1/2 = (r/R 0 Re) 1/2 , where R 0 is the drop radius, η l is the liquid viscosity, ρ l is the liquid density, σ is the surface tension, and Re is the Reynolds number for the flow near the liquid bridge, defined as
For all simulations to be described here, Re < 1 during the time of interest. The propagation of the liquid bridge with time can be described by a power law, allowing prediction of the time required for coalescence. In the viscous regime, coalescence is driven by capillary forces and opposed by viscous forces, and a simple scaling argument will lead to a linear scaling of the bridge radius r(t)/R 0 ∝ t/t v , where the time t is measured from the moment of contact and t v ∼ η l R 0 /σ is the viscous time scale. The full theory 6 predicts a logarithmic correction, r(t)/R 0 ∝ (t/t v )ln(t/t v ). Subsequent experiments have reported r(t)/R 0 ∝ t/t v in the viscous regime, with no evidence for the predicted logarithmic correction. Paulsen et al. 12 argued that the linearly expanding liquid bridge observed in previous experiments has been incorrectly assumed to represent viscous regime dynamics; they assert that this linear evolution represents the dynamics in the "inertially limited" viscous regime.
To investigate how the inclusion of the saturated vapor phase affects the viscous coalescence dynamics and the growth behavior of the liquid bridge, we study the coalescence of two resting liquid drops in a saturated vapor phase and their coalescence in a noncondensable gas, and compare the resulting dynamics. We consider two lattice Boltzmann equation (LBE) approaches to model the coalescence process. The first is a non-ideal fluid LBE model 10 , which is employed to model the coalescence of liquid drops in their saturated vapor phase. The second is a two phase fluid (nearly) incompressible LBE model 16 , and it is employed to model the coalescence of liquid drops in a non-condensable gas. The numerical results of the coalescence in a non-condensable gas will be compared to the available experimental results. The macroscopic continuity and momentum equations recovered from the LBE models through the Chapman-Enskog expansion are ∂ t ρ + ∇ · (ρu) = 0 and
Here ρ is the density, u is the macroscopic velocity, p is the pressure, κ is the gradient parameter, and Π is the viscous stress tensor.
In essence, these two LBE models differ only by the way the pressure is updated. In both models, the pressure p is obtained from the isothermal pressure evolution equation, which is given by ∂ t p + ρc 2 s ∇ · u + u · ∇p = 0, where c 2 s = (∂ ρ p) s is the square of speed of sound at constant entropy (s). In the non-ideal fluid LBE model, ∂ ρ p for a typical cubic equation of state (EOS) is not constant and turns negative at the phase interfaces, which may trigger isothermal phase change due to pressure variation 17 . In the incompressible LBE model, ∂ ρ p is assumed to be constant and positive, and consequently, phase change is not allowed to take place. Detailed implementation of the models is described elsewhere 10, 16 .
In our numerical simulations, the coalescence of a pair of two-dimensional resting liquid drops of identical radii R 0 = 400 lattice units (l.u.) generated on a 3000 × 2000 l.u. periodic computational domain is studied. Two and three-dimensional coalescence are expected to be equivalent to leading order 6, 12, 15, 18 . Grid dependency and domain size dependency tests are performed using different grid resolutions and domain sizes. The presence of the non-condensable gas film between the drops slows the liquid motion due to the elevated hydrodynamic pressure in the film. The time required to initiate contact between the two drops in a non-condensable gas is related to the rate of film drainage. On the other hand, the velocity field resulting from the simulation of coalescence in a saturated vapor shows a different trend ( Fig 
, where D is the diffusion coefficient, and E f is the free energy of the system. The pressure p is related to the chemical potential by p = ρµ − E f 10 . In the case of coalescence in a saturated vapor phase, there exist two transport mechanisms that trigger the liquid bridge formation. The first is due to the short range molecular forces that mimic the van der Waals forces in the diffuse interface model, and the second is due to the condensation of the vapor phase at the liquid vapor interface. The onset of coalescence in a saturated vapor phase is observed at t s /t v ≈ 1.8 × 10 −3 , where t s is the time measured from the beginning of the simulation.
However, for the coalescence in a non-condensable gas, phase change is not allowed to take place and the only possible mechanism to connect the drops and lower the system free energy is by draining the gas film separating them under the influence of the interaction forces. The onset of coalescence in a non-condensable gas takes place at t s /t v ≈ 33 × 10 −3 . Thus, the presence of the condensable vapor phase speeds the initiation of the coalescence process.
At the moment of contact, a meniscus forms and a negative Laplace pressure develops in the bridge because of the concave shape of the meniscus. The difference in Laplace pressure between the bulk liquid in the drops and the meniscus drives liquid mass flux from each drop toward the liquid bridge, which expands rapidly to the scale of the drop diameter.
From Fig. 2(c) , we observe that the non-condensable gas escapes radially away from the liquid bridge. However, the velocity field resulting from the coalescence in a saturated vapor ( Fig. 2(d) ) is very different. In Fig. 2(d It is unlikely that the heat released by the condensation of vapor could give rise to a large value of ∆T 21 . Here, we assume large thermal conductivity and isothermal phase change 17 .
The bridge radius expands as liquid from the drops moves in, pushing the outer phase to escape the gap (Figs. 2(e) and 2(f)). From Figs. 2(e) and 2(f), we notice that the velocity fields resulting from the coalescence in a non-condensable gas ( Fig. 2(e) ) and the coalescence in a saturated vapor (Fig. 2(f) ) have a similar trend, i.e., liquid from the drops is moving toward the bridge and the outer phase is moving away from the bridge. However, for the coalescence in the saturated vapor phase, there is still condensation (signaled by the negative divergence of the velocity field ∇ · u < 0) at the liquid vapor interface of the highly curved concave meniscus due to the Kelvin effect. The divergence of the velocity field at this stage of the coalescence is shown in Fig. 3(f) . We also observe that the bridge radius has a faster expansion rate in the saturated vapor. Growth of the bridge in the saturated vapor proceeds through the combined effects of capillary advection and condensation. The validity of the proposed scaling law that governs the evolution of the bridge radius in the viscous regime rests on the assumption that the material transfer to the liquid bridge is solely by capillary forces, without considering any phase change effects. Thus, we expect that the presence of condensation will affect the scaling law governing the expansion of the liquid bridge. In the presence of condensation, the growth rate of the liquid bridge is related to the rate of diffusion of vapor through the liquid phase. If we assume that condensation is diffusion limited, the growth of the bridge radius due to condensation will obey the scaling r(t) ∝ t 1/2 . We compare the time evolution of the liquid bridge from the coalescence simulations in a saturated vapor to that in a non-condensable gas in Figs. 4(a) and 4(b) . 
